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■ ing area of black hole with an additional contribution depending on the combinations 
t> • of left-moving and right-moving temperatures. It means that the cross section is larger 
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^ . modes for the scalar perturbation in this black hole. 
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1 Introduction 



There has been much attention to three-dimensional gravity for many years because it 
certainly offers potential insights into quantum gravity. In either Einstein-Hilbert action 
with cosmological constant or gravitational Chern-Simons theory (GCS) in three-dimensions, 
there are no propagating degrees of freedom in the bulk even though there are asymptot- 
ically AdS3 black hole solution pQ. However, the combined theory called as "cosmological 
topologically massive gravity" (TMG) has a single massive graviton mode in the bulk [2]. 
On the other hand, it is easy to check that the solution to this theory is the BTZ black hole 
as a trivial class of solutions [TJ [3] . 

Recently, the three-dimensional Einstein gravity with a negative cosmological constant 
and the GCS term with coefficient has been considered for AdS3 black hole [I], whose 
action is 



2 

3 r" j r CT r T 
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(1.1) 



where Gat is the three-dimensional Newton's constant with k 2 = 8ttGn, i Xfl " is a tensor 
defined by e Xflu /^— g with e 012 = 1, and /U = 3v/£ is the dimensionless coupling constant. If 
we choose a positive sign for the Einstein-Hilbert term as above, the black holes have positive 
energy for fj,£ > 1 while massive gravitons have negative energy. However, if we choose a 
"wrong" sign, the massive graviton has positive energjfj] 

It has been shown that there are unstable and inconsistent vacua for generic /i due to 
the massive graviton with negative energy in the bulk [3]. However, at the chiral point 
of fi£ = 1, it is found that the stable vacua suggests the existence of the consistent chiral 
gravity and its boundary CFT has a purely right-handed chirality with a central charge of 
cr = 31/G. Moreover, it has been argued that the energy for gravitons vanishes at this 
critical point [5] and thus that the massive graviton disappears. However, it was argued 
that the logarithmic graviton mode with negative energies, arising from the degeneracy of 
the left and massive branches, persists at the chiral point [S], in which it is also shown 
that the boundary stress tensor is chiral while the dual CFT is logarithmic (not chiral). In 
particular, it was argued that the restriction to Brown-Henneaux boundary condition does 
not remove the descendants of the logarithmic mode [B] and the mode is consistent with the 



1 See Refs. for the negative Newton's constant. 
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asymptotically AdS spacetimes [7J. This issue has been disputed in several papers, leading 
to an intensive discussion [HI El El HOl HH [121 13 HH US]. 

On the other hand, aside from all unstable vacua of AdS3 black holes, "warped AdS3 
vacua" have been found for every // [16]. The warped AdS3 geometry can be viewed as a 
fibration of the real line with a constant warp factor over AdS2, which reduces the SL(2, R)l x 
SL(2,L)r isometry group to SL(2,R) x U(l). One of the solutions, which is free from 
naked closed timelike curves (CTCs), is the spacelike stretched black hole. The spacelike 
stretched black hole solution has been also studied in Ref. [T81 [H5] . For this geometry, it was 
conjectured that the TMG with v = ^ > 1 is dual to the (l+l)-dimensional boundary CFT 
with an asymmetric central charges of cr = {hu 2 + l)l/Gv{v 2 + 3) and cl = kvtjGiy 1 + 3), 
which is still being disputed 0. 

In this paper, we would like to study the behavior of a scalar field under the spacelike 
stretched black hole background and compute its absorption cross section using coefficients 
matching. The essential GCS effect in the metric is that the rotational region is the whole 
spacetime since the stationary observer is possible only at the infinity. This rotational effect 
in the metric can modify the conventional absorption cross section when we consider the 
scattering modes. The outline of our paper is as follows. In Sec. [2j we briefly review the 
cosmological TMG and the spacelike stretched black hole solution. In Sec. [3J we consider 
the Klein-Gordon wave equation for the massless scalar field under the spacelike stretched 
black hole background. Then, general solutions are found to be linear combinations of hy- 
pergeometric functions and an appropriate boundary condition is imposed. The matching 
coefficients between wave functions near horizon and asymptotic regions are identified. In 
Sec. HI we finally compute the absorption cross section from the ratio between in-going modes 
of fluxes near horizon and that of the asymptotic region. The absorption cross section is 
composed of two pieces, the well-known area law and unexpected temperature-dependent 
term. In Sec. El a quasinormal mode of a propagating scalar field is obtained by an appro- 
priate quasinormal boundary condition. Finally, we summarize and discuss our results in 
Sec. E 

2 See Ref. [17] for the alternative viewpoint on this issue, in which the central charge with the opposite 
sign is derived, yielding the instability of the warped geometry. 
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2 Preliminaries 



Varying the action (jl.ip with respect to the metric leads to the bulk equation of motion, 

1 t 



GfMu — + t^C^v — 0, (2.1) 



where the Cotton tensor is 



1 



= e^V x [R^ - -g av R\ . (2.2) 

For the AdS3 geometry, the chiral gravity exists at the chiral point at v = 1/3 or [il = 1 [3]. 

The interesting solution which is free from a naked CTC is the spacelike stretched solution 
for u 2 > 1 [TBI [THl [19^1 . which is given by 

/4 j 2 

(<i S ) 2 = -iV 2 (r)^ + £ 2 i? 2 (r)(d0 + iV»^) 2 + 4R 2 { , )N 2 {r y ( 2 - 3 ) 

where 

i? 2 (r) = T - (?>{v 2 - l)r + (i/ 2 + 3)(r+ + r_) - 41/^+^(^ + 3)) , (2.4) 

wr) = w +s % ;;»' r - r -» , (.5) 



^ (r) = ^-yWT3) (2fj) 



The Killing vectors are defined as x a — £ a + where the angular velocity is 

9te 



H 2ur + - y/ (y 2 + 3)r+r_ ' 



(2.7) 



where the subscript -ff denotes the value at the horizon of r = r + . Then, the Hawking 

temperature can be found from the surface gravity defined as k 2 h = — aXb)^ a "X b )\Hi 
which is 

T H = ^ = (l/2 + 3) / (r+ " r - ) (2.8) 

2vr 4vr(2i/r+ - y^ 2 + 3)r+r_) 



3 The warped solutions were already discovered in [201 I21| as a marginal deformation of the SL(2, R) 
WZW model in the context of string theory and discussed the connection to the warped solution [22] and the 
dual CFT description of TMG with the warped boundary conditions [17] by Anninos el. al [16] . 
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Note that this black object is closely related to the solution originally discovered in Ref. 
\18\ [T9] , which is connected with the coordinate transformation^ when v 1 > 1 . 
The entropy, ADT mass, and angular momentum are found to be \V6\ |2U| IM] 



,5' 



Madt 

J ADT '■ 



24uG N L 

{v 2 + 3) 



(9z/ 2 + 3)r+ - (v 2 + 3)r_ - 4v^f(v 2 + 3)r+r_ 
r + + r_ 



z/l(z/ 2 + 3) 
96Giv 



a/ (f 2 + 3)r + r_ 



(5zv 2 + 3) 



(2.9) 
(2.10) 
(2.11) 



> 2 + 3) 2 

respectively, and one can easily confirm the first law of thermodynamics between above 
quantities |16J . In the next section, we shall compute the scattering absorption cross section 
of a scalar field propagating in the spacelike stretched black hole background. 



3 Field Equation and Boundary Condition 

We start with the Klein-Gordon equation of the massless scalar field under the spacelike 
stretched warped AdS3 black hole background, 

-ify {yf^gT^) = 0, (3.1) 

where = &(t,r, 9). Using the separation of variables of $>(t,r,9) = ^/;(r)e _iarf+ ^ , the 
radial equation of motion is written as 

r(r) + (*• - a - r.) / (r) _ K + » + 7) _ 0< 

(r — r + )(r — r_J (r — r + ) z (r — r„) z 



where 



_ 3a; V - 1) 

a = ~ (J^+W ' ( } 

W + 3)(r + + r_) - 4iWr + r_(^ + 3 ) - 2^)} 

P- (i/2 + 3 )2 > ^ 

4(^ 2 -^y / r + r_(^ 2 +3)) 

7 = WTW (3 ' 5) 



4 This coordinate transformation breaks down at the critical point of v — 1 and the negative v yields the 
unphysical result. See the appendix in Ref. |16| for more details. 
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and the prime denotes a derivative with respect to r. 

The general solution to Eq. (|3.2p can be obtained in terms of the second kind hypergeo- 
metric function F(a, b, c; z), 



tP(r) = Ci(r-r_) r +~ r - (r - r+) r +~ r - F 



tKr^_+/3r_[_+7 

+ C 2 (r-r_) r +~ r - (r — r+) r +~ r ~ F 



r + — r_ _ 
r+ — r 



r + — r_ 



,(3.6) 



where 



.4 



± 



=F \/ « r + + /# r + + 7 _ y « r - + /? r - +7 1 



r + — r_ 



± - Vl + 4a + - 
2 2 



S± = At T Vl + 4a 



C± = 1± 



2,/aH + /3r+ + 7 



r + — r_ 

If we consider the near horizon limit of r ~ r+, the general solution ()3.6p becomes 



(3.7) 
(3.8) 

(3.9) 



4>near(r) ^ Ci (r - r+) + C 2 (r - r+) '•+-'•- 



Ciexp 



arl + /3r+ + 7 



r + — r_ 



ln(r — 



+C 2 exp 



ar\ + /3r + + 7 



r + — r_ 



ln(r — r + ) 



(3.10) 



y^ar2 +/3r_+7 

where Ci 2 = Ci 2 {r+ — t_) r + -r_ _ Note that in the low-frequency limit of uj << 1, 
we have the purely imaginary in the exponent since 



ar\ + [3r + + 7 = i 



2(i 



(3.11) 



> 2 + 3) 

which gives the "in-going" and "out-going" coefficients, Ci n = C 2 and C ou t = Ci, respec- 
tively. 

On the other hand, in the asymptotic region of r — > 00, the wave equation can be written 
in the form of 

9 or 4- B 

<(r) + -</>'(r) + ^P^(r) = 0, (3.12) 
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whose solution is given by the linear combination of the Bessel functions, J v {x) and Y v (x), 



^a Sym (r) = [2yf^j + ^_VI+35 (3-13) 

where we define a = —a and (3 = —(3. For fixed v and z — ► 0, the Bessel functions are 
expanded in the form of [25] 

Thus the asymptotic solution can be written in the polynomial form of 
where the coefficients are 



Ai = * .,„ M^rfEF*. (3.16) 



Here, in order to decompose the "in-going" and "out-going" modes in the asymptotic 
solution, we define Ai(3~^ v ^~^°' = A in + A out and J 4 2 /3^ v/1_4a = —ih(A in — A out ), and then 
we can rewrite the asymptotic solution in Eq. (|3.15p as 



Wasvmv\ r ) — A in ■ lh— -T 2 2 v 



where h is a positive dimensionless numerical constant which will be taken to be independent 
of the energy u \26\ 127]. Note that this constant can be chosen so that the absorption cross 
section can be expressed by the area of the black hole in the low- frequency regime |26| [28] . 
On the other hand, it can be chosen so as to have the usual value of the Hawking temperature 
|27| or to make the sum of absorption and reflection coefficients be unity [29] . This ambiguity 
comes from the fact that there exists an arbitrary freedom when we decompose the amplitude 
of the wave function into in-going and out-going modes. However, this freedom can be chosen 
as a numerical factor by appropriate physical situations. 

Now, we consider the functional transformation of the hypergeometric function 

F(a,b;c;z) = (1 - z)~ a ~ ^ F ( a, c - b; a - b + 1; 



T(b)T(c-a) V '1 

- 6 r(c)r(a-6) A _ „ , n . 1 



+ (1 " Z) r(a)T(c-b) F I 6. c - a; 6 - a + 1; — ) , (3.18) 
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where we define z = (r+ — r)/(r + — r_ ), then we have z — > as r — ► r + while it negatively 
diverges when r — ► oo. The above transformation of the hypergeometric function will be 
used at the asymptotic region; 1/(1 — z) — > when r — ► ooo Therefore, Eq. (|3.6|) becomes 

V>(0 = C oltt (r-r_) (r - r+) (3.19) 




IXOTCB-^/ _ flL+ r + -r. 



r(B_)r(c_ -.4_) V ~ ~ ~ ' r-r_ 





yj ar 2 _+f3r_+-f yj ar'^_+(3r + +f 

r + -r_ fa _ r + -r_ 



F(B + ,C + -A+;B + -A+ + 1;^ 



r(B+)r(C+ - .4 

_ y g + r(c + )r(.4 + -ff + ) 
r(^i + )r(c + - b+) 



At this stage, we need to impose some boundary conditions under the appropriate phys- 
ical situations. In general, two-independent boundary conditions can be imposed in this 
analysis; those are based on the two equivalent pictures of probing scalar fields under the 
black hole background. The first one is for the classical description of black holes; a black 
hole can absorb the probing fields but nothing can escape from the event horizon, implying 
C ut = near the horizon. The second one is for the quantum description of the black 
hole; the asymptotic observer can detect the quantum radiation emitted from the black hole 
horizon, implying Ai n = at asymptotic region. Since both descriptions are equivalent and 
independent each other, we shall use the first one in this analysis - C ou t = for convenience. 
Then, for the limit of r — > oo, Eq. (|3.19p becomes , 



V^- + -r _ 3 ^ffij 2 _ Af T(C + )T(B + -A + ) 

[+ - J T(B + )T(C + -A + ) 

V ^^_ +7 _^|^_ g T(C + )T(A + -B + ) 

[+ ~> T(A + )T(C + -B + ) 



In other words, it implies that the behavior of the general solution in terms of the hypergeometric 
function can be easily controllable at asymptotic region by means of this transformation. 
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. A T(C+)F(B + -A, 



T(B + )T(C + -A 
+ (r + ~ ^ T{C 



(3.20) 



T(A + )T(C + -B + ) 

Now, comparing this to Eq. (I3,17h . it can be easily found that there are matching conditions 
between the Bogoliuvov coefficients, which is given by 

ir(r + - rJ) A + T(C + )T(B + - A^ N 



A2 — ih(A ou t — Ai n ) — Ci % 



T(-VTT^) T(B + )T(C + - A^ 



A ± = A out + A in = C in T(l - Vl + 4a)(r+ - r_) 



B+ T(C + )T(A + -B + ) 



alternatively 
A ■ 



Ci n T(C.\ 



r(l - Vl + 4a)(r+ - r_) 



7T 



r(A + )r(c + - b, 

B+ Y{A + - B+) 
T(A + )T(C + -B + ) 
{r+-r„) A +T{B A 



A A 



A 



out 



Ci n T(C.\ 



r(l - Vl + 4a)(r 



hT(-y/T+fo) T(B+)T(C + - A A 
B+ T(A + - B+) 



r_) z 



7T 



r(^i + )r(c + - b+) 

(r + -r^) A +T(B + -A^ 



(3.21) 
(3.22) 



(3.23) 



(3.24) 



hT(-JTTIa) T(B + )T{C + - A+) 
As is well-known, the frequency mixing appears through this matching condition. In the 
next section, we will calculate the absorption cross section. 



4 Fluxes and Absorption Cross Section 



The absorption (21) and the reflection (9t) coefficients are defined by the ratio of "in-going" 
and "out-going" fluxes as 



21 = 



pin 
•'near 



pm 
J asym 



-pout 
•'asym 



pin 
J asym 



respectively. Note that the definition of the flux is given by 
2tt 



■(r — r + )(r — r_) 



d d 



(4.1) 



(4.2) 



and the "in-going" flux in the near horizon is calculated by using the near-horizon solution 
(pTTOl) . 

u(v 2 + 2)(v 2 +4) 32vr 2 i/ 



pin \f~i 

•'near ~ M \^v, 



(v 2 + 3) 



+ 



K + 3) ; 



(4.3) 
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The left and right temperatures (T^m) are defined by [16] 

_ (^+3)(r + -r„) _ (^ 2 +3) / V(^ 2 + 3)r + r_ ^ 
TR = 8^ ' TL = ^^[ r++r - v ) 

with the relation associated with the Hawking temperature 

^ 2 + 3V TrJ 

On the other hand, one can find the "in-going" flux at the asymptotic region 

Ah\A in \ 2 

and the absorption coefficient is straightforwardly given as 

u{u 2 + 2)(u 2 + 4) 32tt 2 v 



-pin 
•'asym 



47rr_j 



(T L + T R ) 



A?, 



(4.4) 



(4.5) 



(4.6) 



(4.7) 



(l/ 2 + 3) (l/ 2 +3) 2 

To compute Eq. Q4.7j) explicitly, we consider parameters defined in Eqs. (|3.3|) - (|3.9p precisely. 
Let us define the parameters in Eqs. (|3.7|) - (|3.9|) as 



A+ = m — i{n + + n_) 
£> + = 1 — m — i{n + + ra_) 
C + = 1 — 2m_|_, 



where 



1 1 , — 

m = — I — v 1 — 4a, n± 



arj_ + /3r± + 7 



(4.8) 
(4.9) 
(4.10) 

(4.11) 



2 2 r + - r_ 

with a = —a, (3 = —ft, and 7 = —7. Then, Eqs. f|3.23[) and (|3.24p can be written in the 
form of 

(r+ - r _)i-™-i(n++n_) r( -2 m _ 1) 



C m r(l - 2in+) 



r(2m) 



7T 



r(m — i(n + + n_))r(m — i(n+ — n_)) 
(r+ - r _) m - i ( n ++ n -)r(l - 2m) 



/ir(2 — 2m) r(l — m — i{n + + n_))T(l — m + i(n+ — ri-)) 



(4.12) 



.4 



C in r(l - 2m+) 



out 



T(2m) 



+i 



7T 



(r+ - r_) 1_m -*( n + +n -)r(2m - 1) 
r(m — z(n+ + n_))r(m — i(n+ — n_)) 

(r+ - r _)m-i(n + +n_) r ( 1 _ 2m ) 



hT(2 — 2m) r(l — m — i{n + + n_))T(l — m + i(n+ — n_ )) 



. (4.13) 
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Note that for 1 — 4a < 0, m includes an imaginary mode and A.+ — B+ = 2m — 1 = 2iRe(m), 
which makes to > (v 2 + 3)/2\/3(z/ 2 — 1) while for 1 — 4a > 0, m is real. Here, we can easily 
see that the present calculations are ill-defined at the critical point of v 2 = 1. We expand m 
with respect to ui, which yields 

2{y 2 - l) 3 



v 2 -\ 



m 



-uo 



(u 2 - l) 2 



(4.14) 



{y 2 + 3) 2 (^ 2 + 3) 4 (^ 2 + 3) c 

which implies that this analysis breaks down for v 2 = 1 since the gamma function T(2 — 2m) 
diverges for m = 1. If we expand n± with respect to u>, then we get 



2/' 



+ 



O 2 + 3)(r+ - r_) 4vr 



47T 

^T3 



1 + 



i 



Tr Tr 



(r + -{u 2 +3) 2 r ± ) 



lu + 0(lu 2 ) 

(4.15) 

with n+ — ra_ ~ 2z^(z^ 2 + 3) up to the order of u. Note that if we consider the s-wave sector 
(fx = 0) of the probing scalar fields, the first dominant contribution of the imaginary modes 
can be expressed in terms of the left-and right-handed temperatures. 

Keeping Eqs. (|4. 14[) and (|4.15p up to the second leading term, the absorption coefficient 
of s-wave modes is obtained 



v{v 2 + 2)[v 2 + A) 32^ 
47rr+ h , ; n . „xo {Tl + -Tr) 



/i(f 2 + 3) 



h(y 2 + 3) 2 



(4.16) 



Then the absorption cross section a^ bs is 



^abs 



21 



32ir 2 v 



(T L + Tr) + 4vrr. 



I/(„2 + 2)^ + 4) 



(4.17) 



w /i(i/ 2 + 3) 2 y n n> + h{u 2 + 3) 

Since the black hole area at horizon is related to the left and right temperatures from Eq. 

g3D 



Ah = 2itR(r + ) 



8tt 2 u 



(Tr + T l ), 



(v 2 + 3) 

we can rewrite the absorption cross section of the s-wave sector as 



a 



11=0 
abs 



21 



+ 



4nr+v(v 2 + 2)(v 2 + 4) 



alternatively 



u=0 
abs 



u h{v 2 + 3) h(v 2 + 3) 

- ^M=0 _ »„ , . ,2 , oW,.2 



A H + 4irr + v(v 2 + 2)(v z + 4) 



(4.18) 

(4.19) 
(4.20) 
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where h can be chosen so as h = np^^x ■ Note that the absorption cross section in the 
cosmological TMG is obtained, which is proportional to the outer-horizon up to a numerical 
factor apart from the area of the black hole. 

At first sight, the absorption cross section looks non-singular for v 2 = 1, however, this is 
not the case since the present analysis breaks down for v 2 = 1 as seen in Eq. (14. 14ft . There 
is another way to see this explicitly. We need to rewrite r + in terms of Tl and Tr of Eq. 
(|4.4j) . Then the absorption cross section can be rewritten as 



^^=0 _ A _|_ 

H ^ 3(^ 2 + 3)(z/ 2 -1 




64 7 rV(^ + 2)(^ + 4) 1 3(v 2 + 3)(v 2 - 1)T R \ 

(4.21) 

which shows that the cross section is asymmetric for the left and right temperatures. Note 
that the final expression of the result is singular at v 2 = 1. 



5 Quasinormal Modes 

In this section, one can also discuss the quasinormal modes so that we can impose the 
quasinormal boundary condition. The presence of the quasi normal modes describes the 
decay of tiny perturbation of black hole at equilibrium |30| . However, in three-dimensional 
black hole backgrounds, it has been studied that there exists a one-to-one correspondence 
between quasinormal frequencies and the location of the poles of the retarded correlation 
function of the perturbations in the dual CFT at boundary |31j . The spectrum of quasinormal 
modes in the cosmological TMG was studied by the linearized perturbation under the BTZ 
black hole background [111 [32] and for the logarithmic boundary CFT [33[ [34] . 

The quasinormal boundary condition is given by the solution of the wave function sat- 
isfying ipasym{ r ) ^ at asymptotic region. Then the quasinormal mode for propagating 
scalar fields under the spacelike stretched black hole background can be easily read from Eq. 
(|3.20p [31[ [35] , which is given by the condition of the divergence for the gamma functions 
in the denominator, yielding that all arguments of T(B+), T(A+), r(C + — A+), T(C + — A+) 
should be k, where k € Z, alternatively 

± n_) ± m = —k. (5-1) 

Indeed there need not to be the same integer k but the resulting computation shows that 
it can be reduced to some arbitrary integer k G Z. For example, k G Z but we also have 
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k + 1 £ Z. Then, we get the left and right quasinormal modes for scalar perturbation in the 
low-frequency regime, 

> 2 + 3)A; -4/i-i(i/ 2 + 3)(r+ - r-)k 

UL^-i = , w H ~- ^, (5.2) 

^ + r_ j — + 3)r + r_J 

where w^/r are the left-and the right-modes of frequencies in accordance with the boundary 
CFT description [31] . Note that this result is valid for any v and the quasinormal frequencies 
are asymmetric and different from that of the AdS3 spacetimes |11| [32| [33"1 134j . however, it 
is difficult to compare our result with the previous results for the BTZ case directly because 
the metric for v = 1 case is different from the BTZ metric. 



6 Discussions 



We have studied the scattering amplitudes of a scalar field under the warped AdS3 black- 
hole background in the low- frequency limit, and computed the corresponding absorption 
cross section for this massless scalar field in the s-wave limit. As a result, the absorption 
cross section consists of the expected area part and the additional deformation. Note that 
this deformation seems to be unexpected since the absorption cross section was not given by 
the area of the black hole. In fact, the general proof of the universality of area expression 
in the absorption cross section has been done for any spherically symmetric geometry in 
arbitrary dimensions [36] . We hope this issue could be clarified in elsewhere. 

Finally, as seen before, the scattering analysis only holds for v 2 > 10 while it breaks down 
when v = 1 since the Bogoliuvov coefficients from the matching condition diverges at v = 1, 
requiring the parallel investigation for v = 1. 
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